We present analytic computations of gauge invariant quantities for a point mass in a circular orbit around a Schwarzschild black hole, giving results up to 15.5 post-Newtonian order in this paper and up to 21.5 post-Newtonian order in an online repository. Our calculation is based on the functional series method of Mano, Suzuki and Takasugi (MST) and a recent series of results by Bini and Damour. We develop an optimised method for generating post-Newtonian expansions of the MST series, enabling significantly faster computations. We also clarify the structure of the expansions for large values of ℓ, and in doing so develop an efficient new method for generating the MST renormalised angular momentum, ν.
I. INTRODUCTION
The equations of motion of an extreme mass ratio binary system -for example, a solar mass black hole or neutron star in orbit around a massive black holeare well approximated by a perturbative expansion of Einstein's equations. With q = m/M (the ratio of the smaller mass to the the larger one) as an expansion parameter, at zero-th order in q one obtains geodesic motion in the spacetime of the larger mass. The order q corrections are commonly referred to as the first order self-force and are obtained by solving the linearized Einstein equations around the background spacetime of the larger mass, M .
An alternative approach to the two-body problemvalid when the constituents are far apart -is the postNewtonian approximation, which expands the Einstein equations in v 2 /c 2 , where v is a representative velocity and c is the speed of light. In the context of binary systems, the post-Newtonian expansion maps onto an expansion in 1/r, where r is the separation of the two objects.
Recent years have seen synergistic development of the post-Newtonian and perturbative approaches to the extreme mass ratio binary problem. Comparisons of gauge invariant quantities computed in the two approaches have gone beyond simple (but valuable) crosschecks [1] . They have enabled impressive developments which would have been difficult, if not impossible, to achieve in each theory on its own. For example, on the post-Newtonian end selfforce results have produced predictions of previously unknown terms in the post-Newtonian expansion [2] [3] [4] [5] [6] [7] [8] . On the self-force end, comparisons with post-Newtonian calculations and with Numerical Relativity simulations have given insight into the higher-order perturbative corrections not included in the self-force approximation [9, 10] .
Traditional approaches to the perturbative treatment of Einstein's equations have relied on numerical solutions of differential equations as a means to obtaining the linearized metric perturbation. More recently, alternative, functional methods have emerged as a compelling approach to obtaining the linearized metric perturbation. In particular, there has been a surge of interest in approaches pioneered by the work of Mano, Suzuki and Takasugi (MST) [11] , in which one writes solutions of the linearized Einstein equations in terms of a rapidly convergent series of hypergeometric functions.
Functional methods have the distinct advantage of giving a representation in terms of exact quantities, rather than a truncated numerical value. Since modern computer algebra systems can efficiently evaluate hypergeometric functions to an essentially arbitrary number of digits, a numerical approach built on top of functional methods is a powerful tool. Indeed, a parallel pair of works by Shah and Pound [12] , and by JohnsonMcDaniel, Shah and Whiting [13] has used numerical functional methods to simultaneously obtain many of the same results as we present here. Reassuringly, a direct comparison of our results with those of [12, 13] has shown the two to be in perfect agreement [14] , providing a strong independent check to both calculations.
In this work, we compute post-Newtonian expansions of the linearized metric pertubation for a circular-orbit binary system, ignoring spin terms, up to order y 21.5 , where 1/y = (M Ω) −2/3 is an invariant measure of the radius defined through the orbital frequency, Ω. From this, we compute very high order post-Newtonian approximations of all known gauge invariant quantities up to quadrupole order. Our approach works in the ReggeWheeler gauge (with a transformation to the asymptotically flat post-Newtonian gauge) and is fundamentally based on functional methods, but avoids any numerical evaluation (and the associated numerical truncation). Instead, our method builds on a series of developments by Bini and Damour [15] [16] [17] [18] . Much of the calculation described here relies heavily on the methods they developed, combined with some modifications which allow the calculation to be efficiently taken to much higher postNewtonian order.
The layout of the paper is as follows. In Sec. II we give details of our method, including an MST-based expansion for low ℓ-multipole modes and an exact large-ℓ approach for the higher multipole modes. In Sec. III we give explicit expressions for the metric perturbation in Regge-Wheeler gauge in terms of homogeneous solutions of the Regge-Wheeler equation. In Sec. IV we summarise our results and we conclude with a discussion in Sec. V. Finally, in Appendix A we give equations for the gauge invariant quantities we compute (written in terms of this metric perturbation) and in Appendices B, C, D, E, F and G we give our high-order post-Newtonian expansion of the gauge invariant quantities. As the results become increasingly unwieldy with increasing post-Newtonian order, we restrict our printed results to order y 15.5 and opt instead to provide the higher-order terms electronically [19] .
This paper follows the conventions of Misner, Thorne and Wheeler [20] ; a "mostly positive" metric signature, (−, +, +, +), is used for the spacetime metric, the connection coefficients are defined by Γ g αβ R = 8πT αβ . Standard geometrized units are used, with c = G = 1, but we include the explicit dependence on G and c in our postNewtonian expansions in cases where they are convenient for post-Netwonian order counting. We use the spherical coordinates {t, r, θ, φ} for the background Schwarzschild spacetime and write tensors in terms of these coordinate components.
II. METHODS
In our calculation of the homogeneous solutions to the Regge-Wheeler equation, we assume much the same strategy as [16] in approaching the various ℓ mode regimes. Namely we use the analytical results of Zerilli [21] with asymptotically flat gauge correction for ℓ = 0, 1, generate the analytical MST series solutions for 'low' ℓ modes, and use a variation of Bini & Damour's postNewtonian ansatz valid for large-ℓ values to tackle the rest.
A. Low ℓ solutions
The MST expansion of X in ℓm (r)
The homogeneous solutions of the Regge-Wheeler equation are given in [11] as series of hypergeometric 2 F 1 functions and irregular confluent hypergeometric U functions. Following a similar notation to [16] , the horizon solution may be written as
However, we find it more useful to instead work with the following decomposition:
with
As a note, this leads to the
representation of Eq (2.15) in [11] if we let n → −n in the F 1 sum. Once again following [16] we will keep track of the large-r, small-ω coupled expansions by using the small parameter η = 1/c, and the Bini & Damour variables X 1 = GM/r, X 2 1/2 = ωr. In this way, each instance of X 1 and X 2 must each come with an η 2 . At this point we can do an examination of the leading powers of η against n for the various terms in the sum. The structure of the MST series coefficients a n is described in Sec. 6 of [11] , but we present it again in terms of powers of η and in a form (Table I) that makes it straightforward to combine with other elements of the expansions. We note that the corresponding behaviour is also discussed in the Living Review by Sasaki and Tagoshi [22] for the MST series coefficients for the Teukolsky function, which simply differ from those of the spin-2 Regge-Wheeler equation by a complex conjugation [23] . This is not the only irregular behaviour we need to account for; the dependence on η of both the parameters and argument of the 2 F 1 also go through order jumps, which are tabulated in Table II. In constructing this and  subsequent Tables the key elements are that 
and the denominator is manifestly η 6 when n + ℓ + 1 = 0, leading to a divergent limit as η → 0. This divergence is more than compensated for by the behaviour of the prefactor, but leads to larger term than a casual analysis would suggest. This term corresponds to the daggered entries in Table II .
Combining the behaviour of the various elements gives a master table, Table III , for the orders of each term in the series. This turns out to be the most useful table for optimising our calculations of the inner solution since they allow us to say with certainty what we do and do not need to calculate to correctly give a desired order. For example, one can see immediately from looking at these that for n > 0 our contribution from F 1 will die out quickly and can be largely ignored. The solution satisfying the boundary condition at infinity is
and z = ωr c . In a similar vein to the inner case we split this solution by making use of the identity
Analysis of the behaviour of the M functions for small η produces Table IV . Again we must take due care that parameters as well as the argument depends on η. For example, when considering U 1 (n + ℓ + 1 + ∆ν − iǫ, 2(n + ℓ + 1) + 2∆ν, −2iz) the Taylor coefficients in the expansion of M are regular if n+ℓ ≥ 0 but if n+ℓ = −k (k ∈ N) the Taylor coefficients of order (−2iz) 2k−1 and beyond are order η −3 . This means that for k = 1 the function behaves as η −2 , while for k ≥ 2 the behaviour is regular but we need to include 3 more terms than one might have expected to get to the appropriate η order. Correspondingly when considering U 2 (n + ℓ + 1 + ∆ν − iǫ, 2(n + ℓ + 1) + 2∆ν, −2iz) the Taylor coefficients in the expansion of M are regular if n + ℓ < 0 but if n + ℓ = k (k ∈ N ∪ {0}) the Taylor coefficients of order (−2iz) 2k+1 and beyond are order η −3 . This means that for k = 0 the function behaves as η −2 , while for k ≥ 1 the behaviour is regular but we need to include 3 more terms than one might have expected to get to the appropriate η order.
Combining the behaviour of the various elements gives a master table, Table V, for the orders of each term in the series for X up .
B. Large ℓ solutions
As described in [16] , one can generate 'large-ℓ' homogeneous solutions using the template
where the A i are for the most part polynomials in X 1 and X 2 1/2 , but one finds extra r dependent log terms appearing after the sixth order, log 2 terms appearing after the twelfth order, etc. However, the precise details appear opaque. In generating the MST expansions for high values of ℓ and for general ℓ above the given order the full structure of this expansion becomes clear:
(1) In the PN expansion of the MST series using the Bini-Damour variables X 1 , X 2 the combination
is r-independent. A phase of the form
is therefore irrelevant as it will drop out of the Green function via normalisation through the Wronskian.
(2) Having factored out an r-independent phase of the type described in (1), the MST expansions for X in may be expressed in the form
where the A i are now strictly polynomials in X 1 , X 2 which we may express as
where the prime indicates that we omit terms where the combination is a power of X 1 X 2 1/2 as these are already included in the phase term. This occurs if i = 2(n − i) which is only possible if 2n = 6j and i = 2j for some j ∈ N, explaining our notation for the phase expansion.
In our calculations in the previous subsection we calculated X in from the hypergeometric series to order η 40 up to ℓ = 20 explicitly, and then rewrote it in the form (2.12) prior to calculating the metric perturbation, as it greatly simplified the algebra. However, for large-ℓ we may take an alternative approach. Acting on a function f (X 1 , X 2 1/2 ), we have
, and use this substitution in the spin-s Regge-Wheeler operator, which is given by
Requiring that the ansatz (2.12) satisfy the spin-2 ReggeWheeler equation immediately determines all coefficients at orders upto n = 2ℓ. This means that, as Bini & Damour did, we may determine at any given order the necessary expansion without solving the full MST expansions. (As a check we have solved the MST expansion for large ℓ explicitly to order η 21 and found full agreement with the much simpler method described here.)
An additional bonus of this method is that one may identify the coefficients a (6j,2j) as being precisely the coefficients of the renormalised angular momentum ν − corresponding to −l − 1, that is
or, in other words, we have
The full MST expansions for X up are in general much more complicated, involving, for example, high powers of log X 2 . Nonetheless, the leading terms are again easy; with the ansatz Tables I and IV. the Regge-Wheeler equation again determines all the given coefficients (that is, orders up to n = 2l) and
In both cases it is easy to see why we can determine to this order and no higher since the r independent factor (2X 1 X 2 1/2 η 3 ) ±(2l+1) will serve to mix them at that order. To obtain the correct solutions we must supplement the Regge-Wheeler equation with the boundary condition; our simple ansatz cannot implement these while the MST expansion does.
III. RECONSTRUCTED METRIC PERTURBATION IN REGGE-WHEELER GAUGE
In Regge-Wheeler gauge, the components of the metric perturbation may be written in terms of the homogeneous solutions, X in ℓm and X up ℓm . For the case of a point mass on a circular orbit of radius r 0 , the metric perturbation components are given explicitly below for the case r < r 0 (we ignore terms involving δ(r − r 0 ) and its derivatives since they are not relevant to our calculations). Here,
is the Wronskian, λ ≡ (ℓ − 1)(ℓ + 2)/2 and Λ ≡ λ+ 3M/r. To obtain the components for r > r 0 , simply interchange X in ℓm and X up ℓm in these expressions. The (t, t) component of the metric perturbation is given by
where
The (t, r) component of the metric perturbation is given by
The (r, r) component of the metric perturbation is given by
The (t, θ) and (t, φ) components of the metric perturbation are given by
The (r, θ) and (r, φ) components of the metric perturbation are given by
The (θ, θ) and (φ, φ) components of the metric perturbation are given by
The (θ, φ) component is exactly zero, as required by the Regge-Wheeler gauge conditions.
The above expressions may only be used for the multipole modes ℓ ≥ 2. For completeness, we also give the metric perturbation components for ℓ = 0, 1, which were derived analytically by Zerilli [21] . As in Ref. [16] , a correction term is added to these to Zerilli's solutions to account for the change to an asymptotically flat gauge compatible with the one used in post-Newtonian theory:
14)
. For ℓ = 1 we have a contribution from the odd sector,
and a contribution from the even sector,
where H is the Heaviside function andL 1 =
IV. RESULTS
Our main result is the high-order post-Newtonian expansion of gauge invariant quantities for a circular orbit extreme mass ratio binary system, ignoring contributions from the spin of the constituent bodies. Similar postNewtonian expansions have been given to lower orders in other works [7, 8, 12, 13, [15] [16] [17] [18] [24] [25] [26] [27] [28] ; we have verified that our results are in perfect agreement with these.
Our post-Newtonian expressions for the invariants take a standard form in all cases, and is given as a series in powers of y and log y. where we use the notation that c n corresponds to the coefficient of y n , and c ln k n is the coefficient of y n log(y) k . The coefficients are exact numerical quantities involving rational numebers, logs of integers, π, Euler's constant (γ), and the Riemann zeta function (ζ) with integer argument (these various numerical quantities can be seen to come about from the infinite sums over ℓ and m sphericalharmonic modes). We give the explicit values for many of the coefficients in the appendices, with higher-order coefficients being available electronically [19] .
In addition to gauge invariant quantities, our expressions may also be used to compute a high-order postNewtonian expansion of the linear-in-mass-ratio piece of the effective one body radial interaction potential. As was shown in Refs. [29] [30] [31] , this has a straightforward expression in terms of the redshift invariant,
so substituting our post-Newtonian expansion for ∆U in to this expression yields and expansion for a(y).
V. DISCUSSION
Although we have given post-Newtonian expansions for all currently known invariants for circular orbits in Schwarzschild spacetime, there remain further quantites one could compute. For example, a forthcoming work [32] will present numerical and post-Newtonian approximations for octupolar invariants for circular orbits in Schwarzschild spacetime.
From an astrophysical perspective a particularly compelling direction for future study is the extension to the Kerr background corresponding to a rotating black hole. The derivation of the various gauge invariants for circular orbits in Kerr spacetime has already been worked out in [8] and the MST method in general applies equally well to the Kerr case. The outstanding issue is therefore the development of efficient post-Newtonian expansion techniques for the Kerr case. Fortunately, we anticipate that many of the tricks employed in this work will carry over to the Kerr case; we will explore this in more detail in a future work.
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Appendix A: Gauge invariants
In this work we evaluate the redshift, spin-precession and tidal-tensor invariants by writing them in terms of the components of h ab in Schwarzschild coordinates. In particular, for our particular choice of off-worldline extension the invariants are given by
In the above we evaluate all of the metric perturbation components using the expressions given in Sec. III, with (θ, φ) = (
Appendix B: Post-Newtonian expansion coefficients for ∆U
In this Appendix, we give the analytic post-Newtonian expansion coefficients for Detweiler's redshift invariant [24] , ∆U , up to order y 15.5 . We have also computed higher order coefficients up to order y 21.5 , but they are too long to give here; instead, we make them available electronically [19] . (2) log (2) In this Appendix, we give the analytic post-Newtonian expansion coefficients for the spin-precession invariant [7] , ∆ψ, up to order y 15.5 . We have also computed higher order coefficients up to order y 21.5 , but they are too long to give here; instead, we make them available electronically [19] . 
